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- Robinson - Finley coordinate system are found. All H-metrics with Λ admitting a null
Killing vector are explicitly given. It is shown that the problem of non-null Killing vec-
tor reduces to looking for solution of the Boyer - Finley - Pleban´ski (Toda field) equation.
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1 Introduction
When in 1976 the famous paper by J.F. Pleban´ski and I. Robinson on the hyperheav-
enly spaces appeared [1] it was quite clear for all who were interested in heavenly spaces
and complex methods in relativity that a new powerful tool has been just introduced.
Further developement of this subject by J.F. Pleban´ski, I. Robinson, C.P. Boyer, J.D.
Finley III, T. del Castillo, A. Garcia, K. Ro´zga and many, many others provided us with
deep understanding of a broad application of complex analysis in relativity [2] - [9]. Later
on it has been realized that the hyperheavenly spaces play also a crucial role in the theory
of Osserman and Walker spaces [10, 11, 12].
One of the problems which, from the very beginning, has attracted a great deal
of interest was the problem of classifying all H and HH-spaces admitting (conformal,
homothetic or isometric) Killing vector [7] - [9], [13] - [16]. It seems that the only case
which has been not analysed in that context is the case of complex H-space with Λ.
The aim of the present paper is to fill this gap and to classify all H-spaces with Λ
admitting a Killing vector. We intend to give this classification using the coordinate
system explored intensively in the HH-space theory [1] - [4]. Although, as has been
shown by one of us [17], P. Tod [18] and M. Ho¨gner [19] in the case of real H-spaces
with Λ admitting a Killing vector some other coordinate systems are more convenient,
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we intend to show in the present work that in the complex case the Pleban´ski - Robinson
- Finley coordinates are still extraordinary useful and transparent.
Our paper is organized as follows.
Section 2 is devoted to general properties of H-spaces and HH-spaces with Λ. Heav-
enly equation with Λ is given and the gauge freedom is studied. In section 3 the Killing
equations and their integrability conditions are considered. The general form of the
Killing vector is found (see (3.15)) and the master equation (3.16) is derived. Transfor-
mation rules of the components of the Killing vector are given.
The main results of the paper are gathered in section 4 where the classification of
all H-spaces with Λ admitting Killing symmetries are found. In subsection 4.1 some
important lemmas are proved which are then extensively used to find the general metric
(4.29) of H-space with Λ admitting a null Killing vector.
The general form of non-null Killing vector (4.42) is obtained in subsection 4.3 and
it is shown that the problem is reduced to finding the solution of the Boyer - Finley -
Pleban´ski (Toda field) equation (4.67).
Details concerning the calculations can be found in Appendix A.
2 Heavenly spaces (H-spaces) with Λ.
2.1 General structure of hyperheavenly spaces (HH-spaces) with
Λ.
HH-space with cosmological constant Λ is a 4 - dimensional complex analytic differen-
tial manifold endowed with a holomorphic Riemannian metric ds2 satisfying the vacuum
Einstein equations with Λ, Rab = −Λgab, Λ 6= 0, and such that the self - dual or anti - self
- dual part of the Weyl tensor is algebraically degenerate [1] - [4]. This kind of spaces ad-
mits a congruence of totally null, self-dual (or anti-self-dual, respectively) surfaces, called
null strings or twistor surfaces [20] - [22]. In what follows we deal with the case when
the self-dual part of Weyl tensor is degenerate. Then, a null tetrad (e1, e2, e3, e4) and a
coordinate system (qA˙, p
B˙) can be always chosen so that Γ422 = Γ424 = 0 [2], the surface
element of the self-dual null string is given by e1 ∧ e3, and the null tetrad (e1, e2, e3, e4)
in spinorial notation reads
eA˙ := φ
−2 dqA˙ =
[
e3
e1
]
= − 1√
2
g2
A˙
(2.1)
EA˙ := −dpA˙ +QA˙B˙ dqB˙ =
[
e4
e2
]
=
1√
2
g1A˙ , A˙, B˙ = 1˙, 2˙
where
(gAB˙) :=
√
2
[
e4 e2
e1 −e3
]
(2.2)
and φ and QA˙B˙ = QB˙A˙ are holomorphic functions. Spinorial coordinates pA˙ are coordi-
nates on null strings, while qA˙ just label them. Define the following operators
∂A˙ :=
∂
∂pA˙
∂A˙ :=
∂
∂pA˙
(2.3)
ðA˙ := φ2
(
∂
∂qA˙
+QA˙B˙∂B˙
)
ðA˙ := φ
2
(
∂
∂qA˙
−Q B˙
A˙
∂B˙
)
2
They constitute the basis dual to (eA˙, E
B˙)
− ∂A˙ =
[
∂4
∂2
]
ðA˙ =
[
∂3
∂1
]
(2.4)
We use the following rules of manipulating the spinorial indices: qA˙ = ∈A˙B˙ qB˙, qA˙ =
qB˙ ∈B˙A˙, but for consistency, the rules to raise and lower spinor indices in the case of
objects from tangent space read ∂A˙ = ∂B˙ ∈A˙B˙, ∂A˙ =∈B˙A˙ ∂B˙, ðA˙ = ðB˙ ∈A˙B˙, ðA˙ =∈B˙A˙ ðB˙,
where ∈AB and ∈A˙B˙ are the spinor Levi-Civita symbols
∈AB:=
[
0 1
−1 0
]
=:∈AB , ∈A˙B˙:=
[
0 1
−1 0
]
=:∈A˙B˙ (2.5)
∈AC∈AB= δBC , ∈A˙C˙∈A˙B˙= δB˙C˙ , δAC = δB˙C˙ =
[
1 0
0 1
]
The metric ds2 is given by
ds2 = 2 e1⊗
s
e2 + 2 e3⊗
s
e4 = −1
2
gAB˙ ⊗
s
gAB˙ = 2φ−2 (−dpA˙⊗
s
dqA˙ +Q
A˙B˙ dqA˙⊗
s
dqB˙) (2.6)
The expansion 1-form which characterises the congruence of self-dual null strings is de-
fined by [2]
θ := θae
a = φ4(Γ423e
3 + Γ421e
1) = φ
∂φ
∂pA˙
dqA˙ (2.7)
Consequently, we can consider two cases
• if ∂φ
∂pA˙
= 0 → θ = 0 and such a space is called a nonexpanding HH-space (in this
case one can put φ = 1)
• if ∂φ
∂pA˙
6= 0→ θ 6= 0 we have an expanding HH-space
When self-dual (or anti-self-dual) part of the Weyl spinor vanishes then we obtain the
so called heavenly space (H-space) with Λ. Theory of heavenly spaces was provided by
many authors, but most of them do not include cosmological constant Λ. Most of the
papers on heavenly spaces theory take as a starting point nonexpanding congruence of the
null strings. The geometry of heavenly spaces can be easily obtained from the geometry
of nonexpanding hyperheavenly spaces (in the notation used in our work [13] it is enough
to set F A˙ = N A˙ = n = Λ = 0 in all formulas).
However, as it has been shown in [6], if the cosmological constant Λ 6= 0, there do
not exist nonexpanding congruences of the null strings. To obtain algebraic description
of heavenly spaces with Λ we have to start from expanding hyperheavenly space. We
do not consider here transition from expanding hyperheavenly spaces to heavenly spaces
with Λ with detailes. Simple analysis of the self-dual part of Weyl spinor proves, that
CABCD = 0 involves µ = ν = 0 (compare [4], [11]). Except this κ and γ can be gauged
to zero (significance of the functions µ, ν, κ and γ can be found in [2], [4]). With this
simplifications made, one can present general structure of heavenly spaces with Λ.
3
2.2 Geometry of H-spaces with Λ and the heavenly equation
with Λ.
The first step towards reducing the Einstein equations Rab = −Λgab, Λ 6= 0, consists
in the observation that without any loss of generality one can put
φ = JA˙ p
A˙ (2.8)
where JA˙ is a constant, nonzero spinor. By KA˙ we denote the inverse spinor defined by
the relation
KA˙JB˙ −KB˙J A˙ = τ δA˙B˙ where τ = KA˙JA˙ 6= 0 (2.9)
Then we obtain that there exists a holomorphic function W (the key function) such that
QA˙B˙ = −2 J (A˙∂B˙)W − φ ∂A˙∂B˙W + Λ
6τ 2
KA˙KB˙ (2.10a)
= ∂(A˙ΩB˙) (2.10b)
where
ΩB˙ = −φ ∂B˙W − 3J B˙W + Λ
6τ 2
KB˙η = −φ4 ∂B˙(φ−3W ) + Λ
6τ 2
KB˙η (2.11)
and
η := KA˙pA˙ → τpA˙ = η J A˙ + φKA˙ (2.12)
Finally, the Einstein equations can be reduced to a single nonlinear partial differential
equation of the second order called the heavenly equation with Λ
T + (φ−1J A˙WpA˙)2 + φ−1WpA˙qA˙ −
Λ
3
φ−2 ∂φW = 0 (2.13)
T := 1
2
φ−2QA˙B˙QA˙B˙ (2.14)
∂φ =
1
τ
KA˙∂A˙ ∂η =
1
τ
J A˙∂A˙ (2.15)
The form (2.13) will be especially useful in calculations of Appendix A.2. Inserting into
(2.13) the explicit form of T given by (2.14) with (2.10b) one gets the heavenly equation
with Λ in the following form
1
2
φ4(φ−2WpB˙)pA˙(φ
−2WpB˙)pA˙ + φ
−1WpA˙qA˙ −
Λ
6
φ−1Wφφ = 0 (2.16)
where WpA˙ ≡ ∂W∂pA˙ , WqA˙ ≡ ∂W∂qA˙ , etc.. Multiplaying (2.16) by φ, one gets
0 = ∂A˙
(
1
2
φWpA˙pB˙WpB˙ −
5
2
J B˙WpB˙WpA˙ +WqA˙ −
Λ
6τ
KA˙Wφ
)
(2.17)
From (2.17) we infer that there exists a holomorphic function Υ such that
1
2
φWpA˙pB˙WpB˙ −
5
2
J B˙WpB˙WpA˙ +WqA˙ −
Λ
6τ
KA˙Wφ = ΥpA˙ (2.18)
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Then the connection 1-forms in spinorial formalism are
Γ11 = −φ−1JA˙ eA˙ (2.19)
Γ12 = −1
2
φ ∂A˙(φQA˙B˙) e
B˙ − 3
2
φ−1JB˙ E
B˙
Γ22 = −φ2 (ðA˙QA˙B˙) eB˙ − φ (QA˙B˙J A˙)EB˙
ΓA˙B˙ = φ
(
φ ∂(A˙QB˙)C˙ + J
D˙ ∈C˙(B˙ QA˙)D˙
)
eC˙ + φ−1J(A˙EB˙)
where
QA˙B˙J
A˙ = −φ2
(
J A˙(φ−1WpA˙)pB˙ +
Λ
6τ
φ−2KB˙
)
= φ−2 ðB˙φ (2.20)
and
ðA˙QA˙B˙ = φ
2J A˙WqA˙pB˙ (2.21)
Decomposing the connection 1-forms according to
ΓAB = −1
2
ΓABCD˙ g
CD˙ ΓA˙B˙ = −
1
2
ΓA˙B˙CD˙ g
CD˙ (2.22)
we get
Γ111D˙ = 0 Γ112D˙ = −
√
2φ−1 JD˙ (2.23)
Γ121D˙ =
3√
2
φ−1 JD˙ Γ122D˙ = −
1√
2
φ ∂A˙(φQA˙D˙)
Γ221D˙ =
√
2φQD˙A˙J
A˙ Γ222D˙ = −
√
2φ2 ðA˙QA˙D˙
ΓA˙B˙1D˙ = −
√
2φ−1 J(A˙ ∈B˙)D˙ ΓA˙B˙2D˙ = −
√
2φ
(
φ ∂(A˙QB˙)D˙ + J
C˙ ∈D˙(B˙ QA˙)C˙
)
The conformal curvature is given by
CABCD = 0 (2.24)
CA˙B˙C˙D˙ = φ
3WpA˙pB˙pC˙pD˙
Substituting (2.10a) into the metric (2.6) one finds
ds2 = φ−2
{
2τ−1(dη ⊗
s
dw − dφ⊗
s
dt) + 2
(
− φWηη + Λ
6τ 2
)
dt⊗
s
dt (2.25)
+4 (−φWηφ + Wη) dw ⊗
s
dt+ 2 (−φWφφ + 2Wφ) dw ⊗
s
dw
}
where
t := KA˙qA˙ w := JA˙q
A˙ → qB˙ =
1
τ
(tJB˙ + wKB˙) (2.26)
In terms of the coordinates (φ, η, w, t) the heavenly equation with Λ (2.16) reads
WηηWφφ −WηφWηφ + 2φ−1WηWηφ − 2φ−1WφWηη (2.27)
+(τφ)−1
(
Wwη −Wtφ
)− Λ
6τ 2
φ−1Wφφ = 0
and Eq. (2.18) takes the form
Υφ =
τ
2
φ
(
WφφWη −WηφWφ
)
− 5τ
2
WηWφ +Ww (2.28a)
Υη =
τ
2
φ
(
WηφWη −WηηWφ
)
− 5τ
2
WηWη +Wt +
Λ
6τ
Wφ (2.28b)
5
2.3 Gauge freedom.
The problem of finding the coordinate freedom in expanding HH-spaces with Λ and,
consequently, in H-spaces with Λ is similiar to that problem in nonexpanding HH-spaces
(compare [2, 11, 14]). The form of metric (2.6) admitts the coordinate gauge freedom
q′
A˙
= q′
A˙
(qB˙) (2.29)
p′A˙ = λ−1D−1 A˙
B˙
pB˙ + σA˙ , λ = λ(qA˙), σ
A˙ = σA˙(qB˙)
The functions φ and QA˙B˙ transform under (2.29) as follows
φ′−2 = λφ−2 , Q′A˙B˙ = λ−1D−1 A˙
C˙
D−1 B˙
D˙
QC˙D˙ +D
−1 (A˙
R˙
∂p′B˙)
∂qC˙
(2.30)
where we put
D B˙
A˙
:=
∂q′
A˙
∂qB˙
= ∆
∂qB˙
∂q′A˙
= λ∆
∂p′
A˙
∂pB˙
= λ−1
∂pB˙
∂p′A˙
(2.31)
D−1 B˙
A˙
:=
∂qA˙
∂q′
B˙
= ∆−1
∂q′B˙
∂qA˙
= λ
∂p′B˙
∂pA˙
= λ−1∆−1
∂pA˙
∂p′
B˙
and ∆ is the following determinant
∆ := det
(
∂q′
A˙
∂qB˙
)
=
1
2
DA˙B˙D
A˙B˙ (2.32)
Symbol DA˙
B˙
is essentially different of D B˙
A˙
. Note, that
DA˙
B˙
= −∆D−1 A˙
B˙
D−1 A˙
B˙
= − 1
∆
D A˙
B˙
(2.33)
It is easy to see, that the transformation (2.29) is equivalent to a spinorial transformation
of the tetrad gAB˙ given by (2.1), defined by the matrices
LAB =
[
λ−1∆−
1
2 hφ2∆
1
2
0 λ∆
1
2
]
(2.34)
M A˙
B˙
= ∆
1
2 D−1 A˙
B˙
where
2h := −λ−1D−1 R˙
S˙
∂pS˙
∂q′R˙
=
1
∆
D R˙
S˙
∂p′S˙
∂qR˙
=
∂σR˙
∂q′R˙
+
1
∆
∂(λ−1)
∂qR˙
pR˙ (2.35)
It is convenient to assume that the gauge transformations maintain J ′A˙ = J A˙ = const
and K ′A˙ = KA˙ = const. This obviously puts some restrictions on the gauge freedom.
After some analysis one finds that
w′ = w′(w) , t′ = t′(w, t) , t′t = λ
− 1
2 , ∆ = w′wλ
− 1
2 , σA˙ = σJ A˙ (2.36)
D B˙
A˙
= −1
τ
(t′wJA˙ + w
′
wKA˙)J
B˙ +
1
τ
λ−
1
2JA˙K
B˙
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where σ = σ(w, t) is an arbitrary function.
Transformation law for η reads
η′ =
1
λw′w
η + λ−
1
2
t′w
w′w
φ+ τσ (2.37)
Straightforward but long calculations show that the function W transforms under (2.36)
as follows [11]
(w′w)
2λ
3
2W ′ = W − 1
3
Lφ3 − 1
2τ
λ
1
2w′w
∂
∂q(A˙
(
1
w′w
∂t′
∂qB˙)
)
pA˙pB˙ (2.38)
+
(
− 1
2
λw′w
∂σ
∂qA˙
+
Λ
12τ 2
(λt′w
2
J A˙ − 2λ 12 t′wKA˙)
)
pA˙ −M
where M is an arbitrary function of qA˙ only and L = L(w) is function of w, satisfying
the relation
0 = −(w′w)
1
2 [(w′w)
− 1
2 ]ww +
Λ
3
L (2.39)
3 General properties of Killing vectors.
3.1 Killing equations and their integrability conditions in spino-
rial formalism.
Define the spin-tensor gaAB˙ by the relation gAB˙ = g AB˙a e
a. Hence, −1
2
gaAB˙gbAB˙ = δ
a
b
and −1
2
gaAB˙gaCD˙ = δ
A
Cδ
B˙
D˙
. The operators ∂AB˙ and ∇AB˙ are the spinorial images of
operators ∂a and ∇a, respectively, given by
∂AB˙ = g AB˙a ∂
a ∇AB˙ = g AB˙a ∇a (3.1)
In the basis (2.4)
∂AB˙ =
√
2 (δA1 ðB˙ − δA2 ∂B˙) =
√
2
[
ð1˙ ð2˙
−∂ 1˙ −∂ 2˙
]
(3.2)
A conformal Killing vector K can be written as
K = Ka ∂a = −1
2
KAB˙∂
AB˙ = kB˙ð
B˙ − hB˙∂B˙ (3.3)
where we use the decomposition
KAB˙ = −
√
2 (δ1A kB˙ + δ
2
A hB˙) = −
√
2
[
k1˙ k2˙
h1˙ k2˙
]
(3.4)
Components Ka and KAB˙ are related by
Ka = −1
2
gaAB˙KAB˙ ↔ KAB˙ = gaAB˙Ka (3.5)
Conformal Killing equations with conformal factor χ read
∇(aKb) = χ gab (3.6)
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or in spinorial form
∇ B˙A K D˙C +∇ D˙C K B˙A = −4χ ∈AC∈B˙D˙ (3.7)
which is equivalent to the following system of equations
E B˙D˙AC ≡ ∇
˙(B
(A K
D˙)
C) = 0 (3.8a)
E ≡ ∇NN˙KNN˙ + 8χ = 0 (3.8b)
From (3.8a) and (3.8b) it follows that
∇ B˙A K D˙C = lAC ∈B˙D˙ +lB˙D˙ ∈AC −2χ ∈AC∈B˙D˙ (3.9)
with
lAC :=
1
2
∇ N˙(A KC)N˙ lB˙D˙ :=
1
2
∇N(B˙K D˙)N (3.10)
In [16] the integrability conditions of (3.8a) and (3.8b) have been found. For the self-dual
Einstein space (CABC˙D˙ = 0 = CABCD, R = −4Λ) these conditions consist of the following
equations
L A˙RST ≡ ∇ A˙R lST +
2
3
Λ ∈R(S K A˙T ) + 2 ∈R(S ∇ A˙T ) χ = 0 (3.11a)
L A
R˙S˙T˙
≡ ∇A
R˙
lS˙T˙ +
2
3
Λ ∈R˙(S˙ KAT˙ ) + 2 ∈R˙(S˙ ∇A T˙ )χ = 0 (3.11b)
N A˙B˙AB ≡ ∇ A˙A ∇ B˙B χ−
2
3
Λχ ∈AB∈A˙B˙= 0 (3.11c)
R A
A˙B˙C˙
≡ CN˙
A˙B˙C˙
∇A
N˙
χ = 0 (3.11d)
Structure of the heavenly spaces with Λ puts some strong restrictions on the confor-
mal factor χ. Namely, it can be proved that if CA˙B˙C˙D˙ 6= 0 then χ = 0 [23]. Indeed,
from (3.11d) we conclude, that ∇ A˙A χ is the quadruple Debever-Penrose spinor and con-
sequently, the conformal symmetries can eventually appear only in the heavenly space
with Λ of the type [−] ⊗ [N]. However, as is well known, two quadruple DP spinors are
necessarily lineary dependent so ∇1A˙χ has to be proportional to ∇2A˙χ or, equivalently
∇AA˙χ · ∇AA˙χ = 0 (3.12)
Acting on (3.12) with ∇ B˙B and using (3.11c) one quickly obtains
Λχ∇ B˙B χ = 0 (3.13)
Hence if Λ 6= 0 then ∇ B˙B χ = 0. Finally, using (3.11c)) we get χ = 0.
Gathering: there is no conformal or homothetic symmetries in the spaces of the type
[−] ⊗ [I,II,III,D,N] with Λ 6= 0. Conformal or homothetic symmetries with Λ 6= 0 can
exist only in the space of the type [−] ⊗ [−] i.e., in the de-Sitter spacetime. We do not
consider these spaces here.
Consequently, in what follows we consider χ = 0 and so we deal with isometries and
Killing vectors.
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3.2 Master equation.
Assuming χ = 0 we are left with the integrability conditions (3.11a) with χ = 0.
Careful analysis of these conditions lead to the conclusion that the components of Killing
vector (3.3) are
kB˙ = φ−2(αpB˙ + δB˙) (3.14a)
hB˙ = φ2 kS˙ Q
S˙B˙ − 2αΩB˙ − ∂α
∂qS˙
pS˙pB˙ +
∂δS˙
∂qB˙
pS˙ +  J B˙ +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
pB˙ (3.14b)
where QA˙B˙ is given by (2.10a), ΩB˙ by (2.11),  = (qM˙) and α = α(qM˙) are arbitrary
functions.
In the base
(
∂
∂qA˙
, ∂
∂pB˙
)
the Killing vector has the form
K = (αpB˙ + δB˙)
∂
∂qB˙
(3.15)
−
[
− 2αΩB˙ − ∂α
∂qS˙
pS˙pB˙ +
∂δS˙
∂qB˙
pS˙ +  J B˙ +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
pB˙
]
∂
∂pB˙
The system of ten Killing equations can be reduced to one, master equation
£KW = 4αΥ−W
(
− 3 ∂α
∂qS˙
pS˙ +
1
τ
∂δS˙
∂qN˙
(3KS˙JN˙ + 2KN˙JS˙)
)
(3.16)
−4φ3ξ + φ−1P
where £KW = KW is the Lie derivative of the key function, ξ = ξ(q
M˙) is an arbitrary
function and P is a fourth order polynomial in pS˙
P := − 1
2τ 3
∂2α
∂qS˙∂qR˙
φη
(
φ2K S˙KR˙ + φηK S˙J R˙ +
1
3
η2J R˙J S˙
)
(3.17)
+
1
2
∂2δS˙
∂qB˙∂qR˙
pR˙pS˙pB˙ +
Λ
6τ 2
∂α
∂qS˙
pS˙η2 +
1
2
∂
∂qS˙
φpS˙
+
Λ
6τ 3
KS˙KN˙
∂δS˙
∂qN˙
ηφ+
Y
3τ
φ
where Y = Y (qM˙) is an arbitrary function of qM˙ .
Then we are left with two integrability conditions which must be fullfilled
JA˙JB˙
∂δA˙
∂qB˙
+
Λα
3
= 0 (3.18a)
8Λξ +
1
τ 3
JN˙KS˙KR˙KZ˙
∂3δN˙
∂qS˙∂qR˙∂qZ˙
= 0 (3.18b)
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From (3.10) with (3.15) by long and tedious calculations we get lAB
l11 = −2φ−3 JN˙δN˙ (3.19a)
l12 = 2φ
−1 J N˙δN˙ JB˙∂
B˙W − φ−1KN˙δN˙
Λ
3τ
+
1
τ
JN˙KA˙
∂δN˙
∂qA˙
(3.19b)
+
1
τ
η
φ
JN˙JA˙
∂δN˙
∂qA˙
l22 = 2φJN˙δ
N˙
(
Λ
3
Wφ − (JS˙∂S˙W )2
)
− 2φ2J S˙ ∂δS˙
∂qN˙
∂N˙W (3.19c)
−2ΛαφW − φpS˙pA˙JN˙
∂2δN˙
∂qA˙∂qS˙
− Λ
3τ 2
φ
∂δS˙
∂qN˙
(
2φKN˙KS˙ + η (2KS˙JN˙ +KN˙JS˙)
)
− Λ
3
φ
3.3 Transformation rules.
Transformation rules for α and δA˙ read
α′ = w′wλ
1
2α (3.20a)
δ′A˙ = w′wλ
− 1
2D−1 A˙
B˙
δB˙ − αw′wλ
1
2σJ A˙ (3.20b)
Using the decomposition
τδA˙ = aKA˙ + bJ A˙ ↔ a := JA˙δA˙ , b := −KA˙δA˙ (3.21)
where b = b(w, t), a = a(w, t), one can rewrite (3.20b) in the form
a′ = w′wa (3.22a)
b′ = λ−
1
2 b+ t′wa− τσαλ
1
2w′w (3.22b)
then  transforms as
′ = (λw′w)
−1+
6αM
λw′w
− τλ 12 (σ2α′)t + 3λ 12 t′wσat (3.23)
−σ
[
aw − 2bt + a (lnσλw′w)w + b (lnσλ)t
]
From the invariancy of the master equation (3.16) one can find the transformation laws
for ξ and Y . Under the assumption that α = 0 we get
(w′w)
24ξ′ = 4ξ +
1
3
aLw +
2
3
Law (3.24)
(w′w)
2λ
3
2
Y ′
3τ
=
Y
3τ
− 1
2
τσλ2(w′w)
2∂
′
∂t
+
1
2
τ(σλw′w)
2∂t
(
λ
1
2 b′t
)
(3.25)
+
1
2
τλσtw
′
w +M(3bt − 2aw)− aMw − bMt
+
Λ
6τ
λ
1
2 t′w +
Λ
6τ
σw′wλ
3
2
(
∂w − t
′
w
λ−
1
2
∂t
)
b′
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4 The classification of H-spaces with Λ admitting
Killing symmetries.
4.1 Preparatory analysis.
In this section we give the classification of all H-spaces with Λ admitting Killing sym-
metries. We assume, that Λ 6= 0, χ = 0 and CABCD = 0. First, we prove some lemmas
which are crucial in our further analysis.
Lemma 4.1
If KAB˙ is a Killing vector then the spinor lAB defined by (3.9) and (3.10) is nonzero.
Proof
Assume that lAB = 0. Then, from (3.11a) with Λ 6= 0 and χ = 0 one concludes that
KAB˙ = 0. Thus, we arrive at the contradiction and this ends the proof. 
The next lemma is fundamental in the cases of null Killing vectors
Lemma 4.2
Let KAB˙ be a Killing vector. Then the following statements are equivalent
(i) KAB˙ is a null vector
(ii) KAB˙ is of the form KAB˙ = mAnB˙
(iii) lAB is of the form lAB = µmAmB, where µ is some nowhere vanishing function
(iv) lABl
AB = 2 det(lAB) = 0
Proof The proofs of equivalences (i) ⇔ (ii) and (iii) ⇔ (iv) are trivial. Therefore,
consider the case (ii)⇒ (iii). Inserting KCD˙ = mCnD˙ and KAB˙ = mAnB˙ into the Killing
equations (3.7) and multiplying both sides by mAmC one gets
mAmC∇AB˙mC = 0 (4.1)
This means that the spinor mA defines a congruence of self-dual null strings in the sense
that the 2-dimensional holomorphic distribution {mAtB˙,mAuB˙}, tB˙uB˙ 6= 0 is integrable
and its integrable manifolds constitute the congruence of self-dual null strings. Note that
multiplying the Killing equations (3.7) by nB˙nD˙ we obtain the condition
nB˙nD˙∇AB˙nD˙ = 0 (4.2)
which means that the spinor nB˙ defines a congruence of anti-self-dual null strings given
by the congruence of integral manifolds of the distribution {rAnB˙, sAnB˙}, rAsA 6= 0.
Substituting into the first equality of (3.10) the form of Killing vector KAB˙ = mAnB˙ then
multiplying by mAmC and using (4.1) we get
mAmC lAC = 0 ⇒ lAC = m(AoC) (4.3)
where oC is a nonzero spinor. Finally, inserting (4.3) into the integrability condition
(3.11a) with χ = 0 and multiplaying both sides by mSmT one has
(mToT )(m
S∇RA˙mS) = 0 (4.4)
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But, since for Λ 6= 0 all congruences of self-dual null strings are expanding (see subsection
2.1) and by (4.1) the spinoir mA defines a self-dual null string congruence the following
condition holds true
mS∇RA˙mS 6= 0 (4.5)
Hence, (4.4) with (4.5) yield
mToT = 0 ⇒ oT = µmT , µ 6= 0 (4.6)
Therefore lAB = µmAmB and the proof of implication (ii) ⇒ (iii) is completed. It re-
mains to prove that (iii)⇒ (ii). Inserting lST = µmSmT into the integrability condition
(3.11a) and multiplaying by mSmT we get
2
3
ΛmRm
SKSA˙ = 0
Λ 6=0⇒ mSKSA˙ = 0 (4.7)
But this last equation implies the existence of some spinor nA˙ such that KAB˙ = mAnB˙.
This ends the proof of implication (iii) ⇒ (ii). So the proof of our lemma is complete.

Note that from (4.2) and the complex counterpart of the Goldberg-Sachs theorem [20, 24]
it follows that CA˙B˙C˙D˙ is algebraically special and nA˙ is the multiple Penrose dotted spinor
i.e.
CA˙B˙C˙D˙ n
A˙nB˙nC˙ = 0 (4.8)
Thus we have
Lemma 4.3
If KAB˙ = mAnB˙ is a null Killing vector then CA˙B˙C˙D˙ is algebraically degenerate with nA˙
being a multiple Penrose dotted spinor and the space is of the type [−]⊗ [deg]. 
From the lemma 4.2 one quickly finds
Corollary 4.1
If KAB˙ is a null Killing vector then at each point it is tangent to a self-dual null string
and an anti-self-dual null string. These strings are defined by the spinor mA and nB˙,
respectively, where KAB˙ = mAnB˙. 
and
Corollary 4.2
KAB˙ is a nonnull Killing vector iff lABl
AB = 2 det(lAB) 6= 0. 
From the proof of lemma 4.2 we can see that if lAB = µmAmB then the spinor mA
defines a congruence of self-dual null strings since mA satisfies (4.1). The question is
what happens when lAB = m(AoB), mAo
A 6= 0. The answer is
Lemma 4.4
Let lAB = m(AoB), mAo
A 6= 0. Then both mA and oB define congruences of self-dual null
strings.
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Proof Inserting lST = m(SoT ), mSo
T 6= 0, into (3.11a) and multiplying both sides by
mRmSmT we get Eq. (4.1) Analogously, multiplying by oRoSoT one obtains oRoS∇RA˙oS =
0. Hence, both self-dual distributions {mAtB˙,mAuB˙} and {oAtB˙, oAuB˙} are completely
integrable (by the Frobenius theorem [25, 26]). This ends the proof. 
Now we are ready to accomplish the classification of all H-spaces with Λ admitting a
Killing symmetry.
4.2 H-spaces with Λ admitting a null Killing vector.
Assume that KAB˙ is a null Killing vector on a H-space with Λ. Then from Lemma
4.2 it follows that KAB˙ is of the form
KAB˙ = mAnB˙ (4.9)
and lAB reads
lAB = µmAmB , µ 6= 0 (4.10)
where, by (4.1), the 2-dimensional holomorphic distribution {mAtB˙,mAuB˙}, tB˙uB˙ 6= 0,
is integrable and its integral 2-dimensional complex surfaces constitute the congruence
of self-dual null strings; analogously, by (4.2), the integral 2-dimensional surfaces of the
distribution {rAnB˙,mAuB˙}, rAsA 6= 0 constitute the congruence of anti-self-dual null
strings. Consider the self-dual congruence. It is defined by the completely integrable
Pfaff system [26]
mA g
AB˙ = 0 B˙ = 1˙, 2˙ (4.11)
or, equivalently, by the following orthogonal 2-form Σ
Σ = mAg
A1˙ ∧mCgC2˙ = 1
2
∈B˙D˙ mAmC gAB˙ ∧ gCD˙ (4.12)
Now we choose the null tetrad (e1, e2, e3, e4) and the coordinates (qA˙, p
B˙) introduced in
subsection 2.1 so that our present congruence given by the Pfaff system (4.11) is defined
also by
dqA˙ = 0 , A˙ = 1˙, 2˙ (4.13)
Consequently, one has
Σ ∼ dq1˙ ∧ dq2˙
by (2.1)∼ g21˙ ∧ g22˙ (4.14)
It means that the undotted spinor basis is taken so that the spinor mA has the components
mA = (0,m2) , m2 6= 0 (4.15)
Inserting (4.15) into (4.10) we get
l11 = 0 = l12 (4.16)
Employing the first equality of (4.16) in (3.19a) one finds
JN˙δ
N˙ = 0 (4.17)
Then from (4.17), the second equality of (4.16) and (3.19b) with Λ 6= 0 one obtains
KN˙δ
N˙ = 0 (4.18)
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Therefore
δN˙ = 0
by (3.21)⇐⇒ a = 0 = b (4.19)
Substituting (4.19) into (3.18a) and (3.18b) with Λ 6= 0 we have
α = 0 (4.20)
and
ξ = 0 (4.21)
The transformation formula for  (3.23) under (4.19) and (4.20) takes a simple form
′ = (λw′w)
−1. Hence, without any loss of generality one can put
 = −1
τ
(4.22)
Finally, inserting (4.19), (4.20) and (4.22) into (3.15) and using (2.9) and (2.12) we get
the Killing vector
K =
∂
∂η
(4.23)
Now, from (3.25) one infers that the function σ = σ(w, t) can be chosen so that
Y = 0 (4.24)
and this choice, with (4.19), (4.20) and (4.22) satisfied, leads to
P = 0 (4.25)
where the function P is defined by (3.17). Under (4.19), (4.20), (4.21), (4.23) and (4.25)
the master equation (3.16) is brought to the extremally simple form
∂W
∂η
= 0⇒ W = W (φ,w, t) (4.26)
Then the heavenly equation with Λ (2.27) reads
Wtφ +
Λ
6τ
Wφφ = 0 (4.27)
The general solution of Eq. (4.27) is
W (φ,w, t) = F
(
φ− Λt
6τ
, w
)
+ f(w, t) (4.28)
where F and f are arbitrary functions of their arguments. From the formula (2.38) for
the gauge transformation of the key function W one quickly concludes that without any
los of generality the function f(w, t) in (4.28) can be put zero. Substituting (4.28) into
(2.25) we get the general metric of a H-space with Λ admitting a null Killing vector
ds2 = φ−2
{
2
τ
(dη ⊗
s
dw − dφ⊗
s
dt) +
Λ
3τ 2
dt⊗
s
dt (4.29)
+2 (2Fφ − φFφφ) dw ⊗
s
dw
}
F = F
(
φ− Λt
6τ
, w
)
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(Remark: τ 6= 0 is any complex parameter and can be chosen as it is convenient).
Substituting (4.28) into the second formula of (2.24) one has
CA˙B˙C˙D˙ = φ
3 ∂
4F
∂φ4
JA˙JB˙JC˙JD˙ (4.30)
Hence, if Fφφφφ 6= 0 then CA˙B˙C˙D˙ is of the type N and JA˙ is the multiple dotted Penrose
spinor. Consequently, from Lemma 4.3 one infers that the spinor nA˙ defined in (4.9) is
proportional to JA˙
nA˙ ∼ JA˙ (4.31)
So the null Killing vector K = Ka∂a is a 4-fold Debever-Penrose vector
CabcdK
d = 0 (4.32)
If Fφφφφ = 0 then CA˙B˙C˙D˙ = 0 and the metric (4.29) is a conformally flat complex Einstein
metric with non-zero curvature scalar.
It is an easy matter to carry over all results of this subsection to the case of a real
H-space of signature (+ +−−) with Λ. Here the null Killing vector KAB˙ is real and one
can quickly show that the spinors mA and nB˙ defined by (4.9) can be chosen to be real
spinors. Then the Lemmas 4.1, 4.2 and 4.3, and the results of subsection 4.2 hold true
for a real H-space of signature (+ +−−) with Λ under the assumption that all complex
objects (e.g. spinors, null strings, tetrads, coordinates, etc.) considered in the complex
H-space with Λ are now real and instead of holomorphic objects we deal with real smooth
objects.
In particular, the general metric of a realH-space of signature (++−−) with Λ is given
by (4.29) where (φ, η, w, t) are real coordinates, τ is a real parameter and F = F (φ−Λt
6τ
, w)
is an arbitrary real smooth function. This metric is of some interest from the point of view
of the Osserman geometry [11]. Namely, it is the general metric of signature (+ + −−)
of the 4-dimensional globally Osserman space with non-zero curvature scalar admitting
a null Killing vector.
[Remark: We have learned from Maciej Dunajski that the same metric (4.29) was
recently found by himself and Paul Tod [27]].
4.3 H-spaces with Λ admitting a non-null Killing vector.
Here we assume that the Killing vector KAB˙ on a H-space with Λ is non-null. From
Corollary 4.2 we know, that this is equivalent to the statement that
lABl
AB = 2 det(lAB) 6= 0 (4.33)
The condition (4.33) is fullfilled iff
lAB = m(AoB) , mAo
A 6= 0 (4.34)
From Lemma 4.4 one concludes that 2-dimensional holomorphic distributions
{mAtB˙,mAuB˙} and {oAtB˙, oAuB˙}, tB˙uB˙ 6= 0 are completely integrable and their inte-
gral manifolds constitute two congruences of self-dual null strings. We take one of these
congruences, for example that define by the Pfaff system (4.11) or the 2-form (4.12).
Then we choose the null tetrad (e1, e2, e3, e4) and the coordinates (pA˙, qB˙) described in
15
subsection 2.1 so that (4.13), (4.14) and (4.15) are satisfied. Substituting (4.15) into
(4.34) one gets
l11 = 0 (4.35)
Hence, by (3.19a) we have (4.17). From (4.33) under (4.35) it follows that
l12 6= 0 (4.36)
Inserting (4.17) into (3.19b) and using (4.36) one concludes that (since Λ 6= 0)
KN˙δ
N˙ 6= 0 by (3.21)⇐⇒ b 6= 0 (4.37)
(compare with Eq. (4.18) which is fulfilled in the case of null Killing vector). Then from
(3.18a) and (3.18b) under (4.17) it follows that (4.20) and (4.21) hold true.
The transformation rule (3.22b) shows that since by (4.37) b 6= 0 one can choose the
function λ so that
b′ = 1 (4.38)
Finally, from (3.23) and (3.25) with b 6= 0 we conclude that the functions σ and M can
be chosen so that
′ = 0 and Y ′ = 0 (4.39)
and one quickly gets from (3.17) that
P ′ = 0 (4.40)
Gathering all that we have that if the Killing vector KAB˙ is non-null then there exist the
coordinates (pA˙, qB˙) or (φ, η, w, t) introduced in section 2 such that
a = α = ξ =  = Y = P = 0 , b = 1 (4.41)
Inserting (4.41) into (3.15) one gets
K =
∂
∂t
(4.42)
Then the master equation (3.16) gives
∂W
∂t
= 0 → W = W (φ, η, w) (4.43)
Substituting (4.43) into the heavenly equation with Λ (2.27) we obtain
WηηWφφ −W 2ηφ + 2φ−1
(
WηWηφ −WφWηη
)
+ (τφ)−1
(
Wwη − Λ
6τ
Wφφ
)
= 0 (4.44)
We intend to bring Eq. (4.44) to more simple forms. To this end we first rewrite (4.44)
in terms of differential forms
φ dWφ ∧ dWη ∧ dw + 2Wη dWη ∧ dη ∧ dw − 2Wφ dφ ∧ dWη ∧ dw (4.45)
+
1
τ
dφ ∧ dη ∧ dWη − Λ
6τ 2
dWφ ∧ dη ∧ dw = 0
Then one has
dW = Wφ dφ+Wη dη +Ww dw ⇒ d(W − ηWη) = Wφ dφ− η dWη +Ww dw (4.46)
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In the next step we perform the Legendre transformation
(φ, η, w)→ (φ, z, w) , z := Wη ⇒ η = η(φ, z, w) (4.47)
V = V (φ, z, w) :=
Λ
6τ 2
[
W
(
φ, η(φ, z, w), w
)
− z η(φ, z, w)
]
From (4.46) and (4.47) one quickly gets
Wφ =
6τ 2
Λ
Vφ , Ww =
6τ 2
Λ
Vw , η = −6τ
2
Λ
Vz (4.48)
Inserting (4.47) and (4.48) into (4.45) and introducing
v := τw , U = U(φ, z, v) := V (φ, z, τ−1v) (4.49)
we obtain the following equation
φ dUφ ∧ dz ∧ dv − 2z dz ∧ dUz ∧ dv − 2Uφ dφ ∧ dz ∧ dv (4.50)
−dφ ∧ dUz ∧ dz + dUφ ∧ dUz ∧ dv = 0
which is equivalent to the nonlinear partial differential equation for U
UφφUzz − U2zφ + φUφφ + 2z Uzφ − 2Uφ + Uzv = 0 (4.51)
[Remark. Before we proceed further an important remark is needed. The Legendre
transformation (4.47) makes sense if Wηη 6= 0. So the case
Wηη = 0 (4.52)
must be considered separately. Assume that Eq. (4.52) is fulfilled. The general solution
of this equation W = W (φ, η, w) is of the form
W = η f(φ,w) + g(φ,w) (4.53)
where f = f(φ,w) and g = g(φ,w) are arbitrary functions. Inserting (4.53) into the
heavenly equation with Λ (4.44) and performing straightforward manipulations one gets
the general key function W = W (φ, η, w) satisfying (4.52) and (4.44)
W = (f1φ+ f2) η + (f
2
1 + τ
−1f ′1)
τ 2
Λ
φ3 + (2f1f2 + τ
−1f ′2)
3τ 2
Λ
φ2 + f3 φ+ f4 (4.54)
where f1, f2, f4 and f4 are arbitrary functions of the variable w and f
′
1 :=
df1
dw
, f ′2 :=
df2
dw
. Substituting (4.54) into the second formula of (2.24) one easily concludes that now
CA˙B˙C˙D˙ = 0. Consequently, the case when (4.52) is fulfilled leads to the key function
given by (4.54) and the respective complex spacetime is conformally flat i.e. complex de
Sitter].
Return to Eq. (4.51). Simple substitutions
2P := U − 1
2
φz2 , y := 2v (4.55)
lead to the following equation for P = P (φ, z, y)
PφφPzz − P 2zφ + φPφφ − Pφ + Pzy = 0 (4.56)
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This equation has exactly the same form as Eq. (4.11) of Ref. [8]. Therefore, our further
analysis of Eq. (4.56) goes along the line described in [8]. First, observe that (4.56) can
be equivalently presented in terms of 3-forms as
dr ∧ ds ∧ dy + φ dr ∧ dz ∧ dy − r dφ ∧ dz ∧ dy + dφ ∧ dz ∧ ds (4.57a)
dr ∧ dφ ∧ dy + ds ∧ dz ∧ dy = 0 (4.57b)
dφ ∧ dz ∧ dy 6= 0 (4.57c)
[Indeed, from (4.57b) it follows that there exists a function P = P (φ, z, y) such that
r = Pφ and s = Pz. Then (4.57a) gives (4.56)].
Define the 1-form ω by
ω := ds− r dy + φ dz (4.58)
It is an easy matter to show that with the use of ω Eq. (4.57a) takes the form
ω ∧ dω = 0 (4.59)
Consequently, by the Frobenius theorem [25] one conlcudes that there exist functions
H = H(φ, z, y) and x = x(φ, z, y) such that
ω = Hdx (4.60)
The exterior differentiation of the 1-form ω defined by (4.58) gives dω = −dr∧dy+dφ∧dz.
Taking the exterior product dω ∧ dy and using also (4.60) we get
dH ∧ dx ∧ dy − dφ ∧ dz ∧ dy = 0 (4.61)
Summing up the exterior products dω ∧ dφ and ω ∧ dz ∧ dy, and using Eq. (4.57b) one
obtains
dω ∧ dφ+ ω ∧ dz ∧ dy = 0 by (4.60)=⇒ dH ∧ dx ∧ dφ+H dx ∧ dz ∧ dy = 0 (4.62)
First, we can show that
dx ∧ dφ ∧ dy 6= 0 (4.63)
Indeed, from (4.58) with (4.60) it follows that H dx∧dφ∧dy = 0 iff ds∧dφ∧dy+φ dz∧
dφ ∧ dy = 0. Then substituting s = Pz and remembering that dφ ∧ dz ∧ dy 6= 0 one
concludes that H dx ∧ dφ ∧ dy = 0 iff Pzz = −φ, i.e. P = −12φz2 + zA(φ, y) + B(φ, y)
where A = A(φ, y) and B = B(φ, y) are some functions of (φ, y). However, such a P does
not satisfy Eq. (4.56). Therefore, the condition (4.63) holds true. Consequently, (x, φ, y)
are independent variables. Eq. (4.61) is then equivalent to the statement that
zx = Hφ (4.64)
and Eq. (4.62) is equivalent to
− zφ = (lnH)y (4.65)
From (4.64) and (4.65), substituting also
F := lnH (4.66)
one arrives at the Boyer - Finley - Pleban´ski (or the Toda field) equation [8]
Fxy + (e
F )φφ = 0 (4.67)
From (4.61), (4.63) and (4.66), under (4.57c) one infers that
Fφ 6= 0 (4.68)
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4.4 Comments on real H-spaces with Λ admitting a non-null
Killing vector.
Real H-spaces of Euclidian signature (++++) with Λ admitting a Killing vector have
been studied in Refs. [17, 18]. In particular in [18] it has been proved that the problem
can be always reduced to the solution of the Boyer - Finley - Pleban´ski equation. The
case of a real H-space of signature (+ +−−) with Λ admitting a non-null Killing vector
is much more involved as now one must consider two different cases, namely
lABl
AB > 0 or lABl
AB < 0 (4.69)
This problem has been solved by M. Ho¨gner [19] and it has been shown that there
exist suitable coordinates such that again one arrives at the Boyer - Finley - Pleban´ski
equation. We do not enter these questions here, but we note only that the real case with
lABl
AB < 0 can be easily obtained from subsection 4.3 by taking real objects instead of
the holomorphic ones.
A Appendix.
A.1 Explicit form of the Killing equations and their integrabil-
ity conditions in H-spaces with Λ.
Equations (3.8a) - (3.8b) together with their integrability conditions (3.11a) form our
problem to be solved. Using the formula for the spinorial covariant derivative
∇MN˙ΨAB˙CD˙ = ∂MN˙ΨAB˙CD˙ + ΓASMN˙ ΨSB˙CD˙ − ΓSCMN˙ ΨAB˙SD˙ (A.1)
+ΓB˙
S˙MN˙
ΨAS˙
CD˙
− ΓS˙
D˙MN˙
ΨAB˙
CS˙
then the decomposition (2.22), the formulae (3.2) and (3.4), after some work, one obtains
the equations
E A˙B˙11 ≡ 2φ−2 ∂(A˙
(
φ2kB˙)
)
= 0 (A.2)
E A˙B˙12 ≡ ∂(A˙
(
hB˙) − φ2kS˙ QB˙)S˙
)
+ φ2
∂k(A˙
∂qB˙)
+QA˙B˙ ∂S˙(φ2kS˙) = 0
E A˙B˙22 ≡ 2ð(A˙hB˙) + 2φ2 ðS˙QS˙(A˙kB˙) − 2φ2 hS˙∂S˙QA˙B˙ = 0
1
2
E ≡ −ðN˙kN˙ + ∂N˙hN˙ + 4φ−1hS˙J S˙ − φ4kS˙ ∂A˙(φ−2QA˙S˙) = 0
then
l11 = ∂
N˙kN˙ (A.3)
2 l12 = ∂N˙h
N˙ + ðN˙k
N˙ + 2φ−1 hN˙J
N˙ + φ2kN˙ ∂S˙Q
S˙N˙
l22 = ðN˙h
N˙ + φ2kN˙ ðS˙Q
S˙N˙ − 2φhN˙JM˙ QN˙M˙
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and the integrability conditions L A˙RST
− 1√
2
L A˙111 ≡ φ−3 ∂A˙
(
φ3l11
)
= 0 (A.4)
− 1√
2
L A˙112 ≡ ∂A˙l12 + φ l11 JS˙QS˙A˙ +
Λ
3
kA˙ = 0
− 1√
2
L A˙122 ≡ ∂A˙l22 + 3φ−1 l22J A˙ + 2φ l12JS˙QS˙A˙ +
2
3
ΛhA˙ = 0
− 1√
2
L A˙211 ≡ ðA˙l11 + φ l11 ∂S˙(φQS˙A˙)− 2φ−1 l12 J A˙ −
2
3
Λ kA˙ = 0
− 1√
2
L A˙212 ≡ ðA˙l12 − φ−1 l22 J A˙ + φ2 l11 ðS˙QS˙A˙ −
Λ
3
hA˙ = 0
− 1√
2
L A˙222 ≡ ðA˙l22 − φ l22 ∂S˙(φQS˙A˙) + 2φ2 l12 ðS˙QS˙A˙ = 0
A.2 Detailed derivation of the master equation.
In this section we present in some details the reduction of Killing equations to one
master equation (3.16). From the Killing equations E A˙B˙11 (see (A.2)), one finds that
kA˙ = φ−2 (αpA˙ + δA˙) (A.5)
where α = α(qM˙) and δA˙ = δA˙(qM˙) are arbitrary functions of their variables. Using
this form of kA˙ one can find l11 (3.19a) and check, that integrability condition L
A˙
111 is
automatically satisfied. Knowing the form of kA˙, the second triplet of Killing equations
E A˙B˙12 can be brought to the form
E A˙B˙12 ≡ ∂(A˙V B˙) = 0 (A.6)
where
V A˙ := hA˙ − φ2kS˙ QS˙A˙ + 2αΩA˙ +
∂α
∂qS˙
pS˙pA˙ +
∂δS˙
∂qA˙
pS˙ (A.7)
But if ∂(A˙V B˙) = 0 then V A˙ = V pA˙+A˙ with V = V (qM˙) and A˙ = A˙(qM˙) being arbitrary
functions of their variables. Hence
hA˙ − φ2kS˙ QS˙A˙ = −2αΩA˙ −
∂α
∂qS˙
pS˙pA˙ − ∂δ
S˙
∂qA˙
pS˙ + V p
A˙ + A˙ (A.8)
The final Killing equation, i.e., the E equation can be rearranged to the form
1
2
E ≡ φ4 ∂N˙
[
φ−4
(
hN˙ − φ2kS˙ QS˙N˙
)]− ∂
∂qN˙
(αpN˙ + δN˙) = 0 (A.9)
Inserting hA˙ − φ2kS˙ QS˙A˙ from (A.8) into (A.9) and using the definition of ΩN˙ one gets
the polynomial in pN˙ , and, finally, integrability condition (3.18a) and the solutions for V
and A˙
V =
2
τ
KS˙JN˙
∂δS˙
∂qN˙
(A.10)
JN˙
N˙ = 0 → N˙ =  J N˙
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with  = (qM˙) being an arbitrary function. Putting this into (A.8) one obtains the final
solution for hA˙
hA˙ − φ2kS˙ QS˙A˙ = −2αΩA˙ +RA˙ (A.11a)
RA˙ := − ∂α
∂qS˙
pS˙pA˙ +
∂δS˙
∂qA˙
pS˙ +
2
τ
KS˙JN˙
∂δS˙
∂qN˙
pA˙ + J A˙ (A.11b)
With hA˙ given by (A.11a) one can calculate l12 and obtain (3.19b). Integrability condi-
tions L A˙112 and L
A˙
211 become identities.
The next step is to calculate the form of l22 from L
A˙
212 . In L
A˙
212 it is useful to replace
the factor ∂B˙l12 from L
A˙
112 equation and do not calculate it directly from (3.19b). Except
this, there appears the factor QA˙B˙QX˙
B˙
which is skew symmetric in the indices A˙X˙ and
it can be changed according to
QA˙B˙QX˙
B˙
=
1
2
∈A˙X˙ QS˙B˙QS˙B˙ =∈A˙X˙ φ2 T (A.12)
Using the heavenly equation with Λ in the form (2.13) to replace T one can remove
quadratic terms with the second derivative of the key function W . After some algebraic
work, using (3.18a) and contracting L A˙212 with KA˙ one obtains l22 in the form (3.19c)
(contraction JA˙ · L A˙212 is an identity).
The integrability condition L A˙122 gives no additional information since it becomes an
identity.
Eq. (3.19c) must be consistent with the definition of l22 given by (A.3). It is not an
identity. Denote
Σ := −£KW + 4αΥ−W
(
− 3 ∂α
∂qS˙
pS˙ +
1
τ
∂δS˙
∂qN˙
(3JN˙KS˙ + 2KN˙JS˙)
)
(A.13)
After some tedious calculations one shows that the consistency condition takes the form
JA˙ ∂
A˙Σ =
1
2
∂2α
∂qN˙∂qS˙
pN˙pS˙ − 1
2
J N˙
∂
∂qN˙
− Λ
6τ 2
∂δS˙
∂qN˙
KN˙KS˙ (A.14)
− 1
2τ
∂2δS˙
∂qN˙∂qR˙
(2KS˙JN˙ + JS˙KN˙)pR˙ +
Λ
6τ 2
∂α
∂qS˙
K S˙η
Eq. (A.14) plays a crucial role in the most important part of this work i.e. in an
integration of the third triplet of the Killing equations E A˙B˙22 . Putting h
A˙ given by
(A.11a) into E A˙B˙22 , after some obvious cancellations one gets
1
2
φ−2E A˙B˙22 ≡
∂R(A˙
∂qB˙)
+QS˙(A˙ ∂S˙R
B˙) −RS˙ ∂S˙QA˙B˙ +
∂(φ2kS˙)
∂q(A˙
QB˙)S˙ + φ2kS˙
∂QA˙B˙
∂qS˙
(A.15)
−2 ∂α
∂q(A˙
ΩB˙) − 2α ∂Ω
(A˙
∂qB˙)
− 2αQS˙(A˙∂S˙ΩB˙) + 2αΩS˙∂S˙QA˙B˙ = 0
with RA˙ defined by (A.11b).Taking QA˙B˙ in the form (2.10b) we obtain
1
2
φ−2E A˙B˙22 ≡ ∂(A˙ΣB˙) = 0 (A.16)
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where
ΣB˙ := −RS˙ ∂S˙ΩB˙ + 2ΩB˙
2
τ
KS˙JN˙
∂δS˙
∂qN˙
+
∂(φ2kN˙)
∂qN˙
ΩB˙ +
∂(φ2kS˙)
∂qB˙
ΩS˙ (A.17)
+φ2kS˙
∂ΩB˙
∂qS˙
+ 2αΩS˙ ∂S˙Ω
B˙ + 12αΥJ B˙ +
2
τ
ΛαWKB˙ − 6αφJ S˙WpS˙WpB˙
+3αφ
∂W
∂qB˙
− 4 ∂α
∂qS˙
pS˙ ΩB˙ + J B˙
∂
∂qS˙
pS˙ − 1
2
∂2α
∂qS˙∂qR˙
pS˙pR˙pB˙
− ∂
2δS˙
∂qB˙∂qR˙
pS˙pR˙ +
1
2
∂2δB˙
∂qS˙∂qR˙
pS˙pR˙ +
∂
∂qT˙
(
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pT˙pB˙
Inserting ΩB˙ defined by (2.11) into (A.17) one observes that the terms containing the
key function W in (A.17) can be rearranged into the form φ4∂B˙(φ−3Σ) with Σ given by
(A.13). Moreover, after some algebraic tricks one finds that
− ∂
2δS˙
∂qB˙∂qR˙
pS˙pR˙ +
1
2
∂2δB˙
∂qS˙∂qR˙
pS˙pR˙ +
∂
∂qT˙
(
2
τ
KS˙JN˙
∂δS˙
∂qN˙
)
pT˙pB˙ = (A.18)
= φ4 ∂B˙
[
φ−4
1
2
∂2δS˙
∂qT˙∂qR˙
pR˙pS˙pT˙
]
− 2
τ
∂2δS˙
∂qN˙∂qT˙
JS˙JN˙pT˙p
B˙ηφ−1
Except this, from ∂(A˙ΣB˙) = 0 it follows that ΣB˙ = X pB˙ + Y B˙ (with X and Y B˙ being an
arbitrary functions of the variable qM˙). Finally
XpB˙ + Y B˙ = (A.19)
φ4∂B˙
(
φ−3Σ +
1
2
φ−4
∂2δS˙
∂qT˙∂qR˙
pR˙pS˙pT˙
− 1
2τ 3
∂2α
∂qS˙∂qR˙
ηφ−3
(
φ2K S˙KR˙ + ηφK S˙J R˙ +
1
3
η2J R˙J S˙
)
+
Λ
6τ 2
∂α
∂qS˙
pS˙η2φ−4
)
+J B˙
∂
∂qS˙
pS˙ − Λ
6τ
KB˙ +
Λ
6τ 2
1
τ
∂δS˙
∂qN˙
KS˙KN˙
(
ηJ B˙ − φKB˙)
Contracting (A.19) with JB˙ and using (A.14) we get
−X = 1
2
J N˙
∂
∂qN˙
+
Λ
3τ 2
∂δS˙
∂qN˙
KS˙KN˙ (A.20)
−Y B˙ = Λ
6τ
KB˙ +
1
τ
Y J B˙
where Y = Y (qM˙) is an arbitrary function.
(An alternative way to obtain (A.20) is to multiply (A.19) by φ−4 and derive ∂B˙(A.19)).
Using the solutions forX and Y B˙ in Eq. (A.19) one can bring it to the form φ4∂B˙[φ−3(...)] =
0 and finally obtain the master equation.
Integrability conditions L A˙222 give (3.18b).
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